gl Quantum Dynamics Basics

In this chapter, we will smulate the dynamics of a particle, such as an electron, which follows the
law of quantum mechanics [1]. Basics of the quantum-dynamics (QD) method [2-5] are described,
alongwith corresponding daa structures in program, gd.c.

all Schrsdinge Wave Equation

WAVE FUNCTION
The state of an electron at time t is specified by a complex-valued wave fundion,
" (r,t)=Re" (f,t)+ilm" (i,t) ! C (where i = /'1), which is spread in the 3-dimensona space,
r=(x,y,2)! R° Giventhewave fundion, we can calculate variousphyscal propeties such as:
¥ P(Lt=""(10" (1) =|" (L1 =[Re” (0 +im” (7, )% The probability to find the electron at
postion I at timet.

¥ (F(t)) =" dx" dy" dz|#(F,t)|2F : The expected postion of theelectron at timet.

Here, " ° (F,t) =Re" (F,t)#i Im” (F,t) isthe complex conjugae of thewave fundion.
Normalization: The electron wave fundion mug be nomalized such tha the electron mug befound
somewhere in the entire space with probability 1, i.e.,
" dx" dy" dz#(r,B)° =1. 1)
WAVE EQUATION

The time evolution of the electron state, subjected to a time-indgpendent, real-valued potentia,
V(r), is described by thefollowing partial differential equaion:
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where h = 1.05457 10" g¥m?/s is the Planck constant, m = 9.10938 107 g is the electron mass, and
n 2 %

:y+ﬁ+§ istheLaplacian opeator.
Dimensionless equation: In the following, we measure length (X, y, 2) in unit of h?/me =

0529177 10° cm, time (t) in unit of h3/me* = 2.41889 10" s, and energy (V) in unit of me* /h? =
4.35974 10" g¥m’/s’, where e = 4.80321' 10" esu istheelectron chargein the CGS unit. Subdituting
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in Eq. (2), we obtain



|h¥ﬁi$( rit# = /cy ¥f‘m—e2+ + V( #2$(r#t#
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or thedimensonless equéion,

S = )(O/egﬁw(rw(r#t# (4)

In the following, we will use the dimensonless variables discussed above but omit the « symbol for
brevity.

TWO-DIMENSIONAL ELECTRON

As a specific example, the program gd.c smulates the time evolution of an electron confined in the
2-dimendond plane (z = 0). Such electronsare common at the interface between two heterogeneous
materials in semicondudor devices. The electron state is now specified by the 2-dimensond wave
fundion, " (x,y,t), where 0! x! L,andO! y! L, (L, and L, are the system sizes in the x and y
directions respectively), and itstime evolutionis governed by the 2-dimensond Schrsdinge equdion,

"

iq#(x,y,t) =H#(x,y,1). (5)
In Eq. (5), the Hamiltonian opeator, H, isdefined as
H:"Eﬁz"l#z V(Xy)
2% 2#° (6)
=Ty +T, +V

Boundary condition: We impo< the periodic bounday condition onthe wave fundion such tha

' (x+ Ly, y) =" (%)

SE(y+L) =" (Xy) %

DISCRETIZATION

The wave fundion is discretized on a regular mesh of size #x and #y in the x and y directions
respectively. Here #x = L /N, and #y = L/N,, where N, and N, are the numbers of mesh pointsin the x
and y directions respectively. We denote the discretized wave fundion as $;, = $(j#x, kiy), see the
figure beow.
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Figure: 2-dimensional mesh, on which the wave function is discretized.
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In thediscretized form, the Hamiltonian opeator in Eq. (6) acts as

(H")j,k:(Tx")j,k"'(Ty")j,k+(V”)J',k’
where

% 17 ik #2" k" ek

AT =pr0#L i i+1

I( X )J,k 2 ($X)2

- k2 ($y)

( ”)j,kzvi,k"i,k

(

and the potential-energy fundionisdiscretized as V,, = V(j#Xx, kity).

(8)

(9)

Note that the discretized H is a mapping froman N," N, array $ ($,, isits element at the j-th column
and k-th row) to another N,"N, array H$. The (j, k)-th element, (H$),,, of the output array, H$, isa

linear combination of theinputarray with different indices, as specified in Eqs (8) and (9).

al2 Numerical Integration of Schrsdinger Equation

Thetime evolution of thewave fundionisformally written down as

" (t+#t) = exp($iH#t)" (1), (10)

where we omit the indices for simplicity. Here the exponential fundion of an operator is defined as a

series expangon,

exp(" iH#t) = g/o%("iH#t)”. (11)

n=0""
In the split-opeator method[2-5], thewave fundion is propagated for asmall timeinterval, #t, as

" (t+#1) = exp($iV#t/2) exp($IT,#t) exp[ SIT, #t) exp($iV#t12)" (1)

+O([#t] 3) (12
In Eq. (12), the application of the potential propagator, exp(-iV#t/2), is straightforward.
| o #(°
(exp(" iV#t/2)$)J.’k =% k" Hq;(VéS‘)j,k +%(V2$)Lk +L
| o,
=%,," m&?tvj,@j,w%(vj,k)%j,kﬂ . (13)

=exp(" iV #t/2)$ |
Note tha, for real numbe a,



expfia) =1+ ia+%(" a?) +1(" ia%) +l(a4) " %(ias) L

_f’ z a’ 1a +L(+|§a ;a3+éa5+L((& . (14)
=cos@) +i sm(a)
Using Eg. (14)in Eq. (13),
(exp( iV#t/2)$ [cos(vJ k#t/2) |s|n(vJ WJHel2 ][Refla‘J k+iim$; k]
:[cos(vj,k#tlz)Re$j,k+sm( j,k#t/2)|m$j,k : (15)
+icodv;#t/2)im$ " sin(V; #t/2)ReS | ]

Many algorithms have been proposd to apply the kinetic propagaors such as exp(-iT,#t). Among
these algorithms, the space-splitting method (SSM) [4,5] is highly scaable on massively paalel
computers. To undestand the SSM, we first note tha the opeationof T, on$,, is expressed as

T k=D juk+2a" j i +b” ik (16)
where
&
ea= 1/2(" ) 17)
& =#1/2(" x)°
For each index k, theopeation of T, on $;, thusamount to the multiplication of atridiagond matrix,
;Za b 9
$b 2a b
$ b 2a b
T, :g O O O ' (18)
$ b 2a b
$ 1
$ b 2a b,
# b 2ag

In the SSM, thistridiagond matrix is expressed as a direct sum of 2" 2 submetrices,



2a b %

gb 2a b
$ b 2a b
=3 0 0 O
% b 2a b '
g b 2ba 2b:
% (19)

‘a b % "a % "a b
i) a ' g a b %3 a

li ab % b a 12 ab

:§$ b a v+$ O §$ b a
% @) % ab . g (@) '
$ b a $ b a . $ b a
# b ag # a& # b ag

where we have omitted the index k. The exponential of a 2" 2 matrix on therighthand side of Eq. (19)
is calculated andytically asfollows:

% % O 08 3 (
% % “ 9 $ :$'é % " *
- % % . 49 . & % +(20)
% % » 0 * % % *
o R § 8 | o .
& S s & & o
& % %l %3z % %
where
é; = %Texp;# AL (a+ b)g + expo#ﬁ(a# b)%
3 _ l;e O#E(a+b)£#ex O#E(a#b) “
3" o Xp P )P

Theopeation of exp(-iT#t) is executed in asimilar manne.

nl13 Data Structuresof qd.c

NX, NY: Number of mesh pointsin thex andy directions
pS[NX+2][NY+2][2]: pg][i][j][0|1] is thered [imaginary pat of the wave function on mesh point (i, j) in
thexy plane

The wave fundion to be simulated isin therange, 1! i! NX and1! j! NY. To smplify the

opeaation of the finite-difference opeaators consdering the periodic bounday condition, the wave
fundionvalues at theedgeare duplicated as follows:
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for (sy=1; sy<=NY; sy++)
for (s=0; s<=1; s++) {
psi [O] [sy][s] = DSI[ [syl[s];
psi [NX+1] [sy][s] = psi[1][sy][s];
for (sx=1; sx<=NX; sx++)
for (s=0; s<=1; s++) {
psi [sx][0][s] = psi[sx][NY][
psi[sx][NY+1][s] = psi[sx][1
}

VINX+2][NY+2]: v[i][j] isthe potential energy at mesh point (i, j).
UNX+2][NY+2][2]: u[i][j][O|]] isthereal|imaginay part of the potential propagaor at mesh point (i, j).

Thepotential propagaor, exp(-iV#t/2), isopeaated in qd.c asfollows, see EQ. (15).

s];
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for (sx=1; sx<=NX; sXx++)
for (sy=1; sy<=NY; sy++) {
wr=u[ sx] [sy] [ 0] *psi [sx] [sy][O]-u[sx][sy][1] *psi[sx][sy][1];
Wi =u[ sx] [sy] [0] *psi [sx] [sy][1] +u[sx][sy][1]*psi[sx][sy][0];
psi [ sx] [sy] [ 0] =wr
} psi [sx] [sy][1] =wi;

The program qd.c smulates an electron inddent on a potential barrier of heght B, and width B, see
thefigure bdow. In addition, an edgepotential of heightE,, isappliedati =1 or NX orj =1 or NY in
V[i][j]. Thepotentia v[i][j] = 0 at al the other mesh points.

y A v(xy)=B, (L/2-B,/2 = x = L,/2+B,,/2)

Ly —TT
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Figure: The potential energy function.

In classical mechanics, a particle coming from one side of the patential barrier with a highe kinetic
energy than B, will passthroughthebarier to theother sde otherwise, the paticle will boune back at
the barier. In quantum mechanics, a pat of the electron wave fundion is tranamitted through the
barier andthe other part isreflected at the barier.

ND: Thenumber of spatial dimensons= 2.

a[ND][2][2]: a[0[|1]0|7[0]1] is the x|y-direction, hdf (#t/2)[full (#t)-step, red|imaginary-pat of the
diagond element of the kinetic propagaor, see Egs. (20) and (21).

bux|y[2][NX+2|Y+2][2]: bux|y[O|1][i][O|]] is the x|y-direction, haf (#t/2)[full (#t)-step, real[imaginary-
pat of the uppe off-diagond kinetic propagaor on mesh i, see Eqs (20) and (21).
bIx|y[2][NX+2|Y+2][2]: bIx|y[O|[i][O]1] is the x|y-direction, hdf (#t/2)|full (#t)-step, real|imaginary-
pat of the lower off-diagond kinetic propagaor on mesh i, see Eqs (20) and (21).
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The 2" 2 block-diagond form of the kinetic propagator, Eq. (20), can be handled

(U>(<half)" )i J. = B%h0d0,2,0" 151 T "1, T B%hodg. 21" i+1] (22)
(U>(<fu”) " )i | :ﬁ%%odq,zm" g1 tA " +"J'7%%hodq,2),0” i+1,] (23)

where “104¢,2),0 = 1 (if mod(, 2) = 0) and O (else), etc. The abovekinetic propagator is used in gd.c to
updae the wave fundion as follows, where d (= O for x; 1 for y) is the direction and t (= O for #t/2N
haf; 1 for #tN full) is thetime step:

/* WRK| PSI hol ds the newjold wave function */
for (sx=1; sx<=NX; sx++) {
for (sy=1; sy<=NY; sy++) {
wr=al [d] [t][O] *psi[sx][sy][O]-al[d][t][1]*psi[sx][sy][1];
w¢=?g[d%£t}[0]*DSI[SX][Sy][1]+al[ 10t1[ 1] *psi[sx][sy][0];
| ==
wr +=(bl x[t][sx] [0] *psi[sx-1][sy][O]-bl x[t][sx][1]*psi[sx-1][sy][1]);
W +=(bl x[t][sx][O0] *psi[sx-1][sy][1]+bl x[t][sx][21]*psi[sx-1][sy]l[0]);
wr+=(bux[t][sx][0] *psi[sx+1][sy][O0]-bux[t][sx][21]*psi[sx+1][sy]l[1]);
wi +=(bux[t][sx][0]*psi[sx+1][sy][ 1] +bux[t][sx][1]*psi[sx+1][sy][0])
}
else if (d==1) {
wr+=(bly[t][sy] [0] *psi[sx][sy-1][O]-bly[t][sy][1]*psi[sx][sy-1][
Wi +=(bly[t][sy] [0] *psi[sx][sy-1][1] +bly[t][sy][1]*psi[sx][sy-1][
wr+=(buy[t][sy] [0] *psi[sx][sy+1][O]-buy[t][sy][1]*psi[sx][sy+1][
wi +=(buy[t][sy] [0] *psi[sx][sy+1][1] +buy[t][sy][1] *psi[sx][sy+1][

OrFr OoOpR

1);
1);
1);
1);

}

wr K[ sx] [sy] [ 0] =wr;

wr k[ sx][sy][1] =wi;
}

/* Copy the new wave function back to PSI */
for (sx=1; sx<=NX; sXx++)
for (sy=1; sy<=NY; sy++)
for (s=0; s<=1; s++)
psi [sx][sy][s]=wrk[sx][sy][s];

INITIAL WAVE FUNCTION

0 (x# x,)2 Yy (
"(xYy,t=0)= Cexp #m 0L 0 =02 *exp(iko x)sm —* (24)
To undestand the meaning of this wave fundion, consder
" (x,y) = Cexp(ikgX), (25)

where C = [L,L, isthenormalization congant such tha
"rdx" v dy [#(x,y) P="5* dx" e dyCz(co§(k0x) + sinz(kox)) =1, (26)

Then



% (
= 2+ & et
_.Ccd®
_#Eyexr(lkox) | (27

iknC d )
= #%&exp(”(c)X)

2 2
= —kOZC exp(ikox) = k—20 " (X,Y)

and thusthe expectation value of itsenergy is
Eo="g dx"gY dy#” (x,Y)H#(x,Y)

2
= 0L dx"OLy Ay (x, y)k—?f’#(x,y) : (28)

|\>|5T\,

or ko =+2E, .

We can show tha the following GravelingOwave fundion is a solution to the time-dependent
Schridinge equaion, if thepatential energy fundionisO:

" (%,Y,t) = Cexgliko(X#Vot)), (29)
where vy = Eq /K isthewave speed.

The last factor in Eq. (24) dso satisfies the Schrsdinge equéion and follows the bounday
condtion, " (x,0)=" (x,Ly) =0, which isrequired if there is avery high potential barrier aty =0andL,
(the electron then cannotexist). Findly, the first Gaussian factor in Eq. (24) acts to localize the wave
fundion aroundx = x, and spread %
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02 Quantum DynamicsBasics |IN One Dimensional System

This lecture note explains the quantum dynamics (QD) simulation program, qd1. ¢, which smulates
the time evolution of a wave fundion in one spaia dimendon. Here, we only highlight differences
from the two-dimensond QD simulation program, qd. ¢, explained in the lecture note on Quantum
Dynamics Basics.

Schrsdinger Wave Equation

WAVE EQUATION

The program qd1c simulates the time evolution of a wave fundionin onedimensiond space, 0! x
I' L, (L, isthe system size). The onedimensond wave fundion, " (x,t) =Re" (x,t)+ilm” (x,t) | C

(wherei = +/" 1), satisfies the nommalization condition:
" (x, ) = 1. 1)

The time evolution of the wave fundion, subjected to a time-indgpendent, rea-valued potentia,
V(Xx), is described (in the dimensonless form as explained in the lecture note) by the time-dependent
Schrsdinge equdion:

"

iq#(x,t) = H#(x,t). (2)
In EQ. (2), the Hamiltonian opeator, H, isdefined as
1#
H="=—+V(X
22 V. ®)
=T, +V
Boundary condition: We impose the periodic bounday condition onthe wave fundion such tha
"(x+ L) =" (%). (4)

DISCRETIZATION

Thewave fundionisdiscretized on aregular mesh of size#x. Here#x =L/J/N,, and N, isthenumber
of mesh points. We denote the discretized wave functionas $; = $ (j#x), see thefigure be ow.

»
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Figure: One-dimensional mesh, on which the wave function is discretized.

In thediscretized form, the Hamiltonian opeator in Eq. (3) actsas
(H");=(T"); + (V). (5)

where



% " H2N L+

& T2 ($x) (6)
)=y

and the potential-energy fundionis discretized as V, = V(j#Xx).

Numerical I ntegration of SchrSdinger Equation
Thetime evolution of thewave fundionisformally written down as
" (t+#t) = exp($iH#t)" (1), (7)
where we omit the indices for simplicity. Here the exponential fundion of an operator is defined as a
series expanson,
exp(" iH#t) = %~ ( iH#t)". (8)
n=0 n
In the split-opeator method, thewave fundionis propagaed for asmall timeinterval, #t, as

" (t+#1) = exp(BiV#I2) exp(SiT, ) expfsivat/2)” (1 + Of[#]°). ©)
In Eq. (9), theapplication of the potential propagator, exp(-iV#t/2), is straightforward.
it ("i#t/2)2 2
(exe(" iv#t/2)8) =8 " T2 (v8) + (v $)j L
it L i#t/2)% [ \2
=$;" V8, T(vj) $+L . (10)

=exp(" IV j#t/2)$;
Note tha, for real numbe a,

expfia) =1+ ia+%(" a?) +1(" ia%) +l(a4) " %(ias) L

—é; a’ 1a +L(+|$f€ ;a3+éa5+L((& . (11)
=cos@) +i sm(a)
Using Eq. (11)in Eq. (10),
(exil"ivi#t/2)8), =[codvi#t/2) " isin(Vjit/2)|[Res +ilm$]
=[coqvjti2)Res +sinfvi#ti2)ims;] . (12)
+i[codv#t/2)img " sinV#t/2)Res |

To apply the kinetic propagator, exp(-iT,#t), we use the space-splitting method (SSM). To
undestand the SSM, we first note that the opeation of T, on$; is expressed as

T j=b" jm +2a" ; +b" (13)

where
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§L = " )2
%a 1/2( x)2

8b =#1/2(" x)
Theopeaation of T, on$,; thusamount to the multiplication of a tridiagonad matrix,
"2a b 9
éb 2a b
$ b 2a b
=3 0 0 O
$ b 2a b
$ 1
$ b 2a b,
# b 2ag
In the SSM, thistridiagond matrix is expressed as adirect sumof 2" 2 submatrices,
"2a b %
% 2a b '
$
$ b 2a b
=3 0 0 O
% b 2a b
$ b 2a b,
# b 2ag
‘a b % "a % "a b
S
i) a + ¢ a b %3 a
li a b ' % b a 12 a b
:§$ b a +$ O ' §$ b a
$ O $ ab ' $ O
$ $ R
$ b a g ba . g
# b ag # ag #

(14)

(15)

(16)

b a
b ag

Theexponential of a2" 2 matrix ontherighthand side of Eq. (16) is calculated andytically as follows:

% % 08 (¢ 4
4 5 A % 5
. $ % . 88 ) & %
% % * O * % %
O ) A T 0
- G § 8
& & %k e
where
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1. 1+ %ist (
§ 2_e p#—(a+b) +exp#—(a#b)F
2 ' £ ) (18)
3ot _ex #— a+hb)*#ex # a#b
3= e (@b exn >)p

Data Structures of qdi.c

NX: Number of mesh points.

psi [ NX+2] [ 2] : psi[i][0] 1] isthereal|imaginary pat of thewave fundion on mesh pointi.

Thewave fundionto besmulated isintherange 1! i ! Nx. To simplify theopeaation of thefinite-

difference opaators consdering the periodic bourdary condition, the wave fundion values at the edges
are duplicated as follows:
for (s=0; s<=1; s++) {

psi[0 T[s] = psi[NX][s];
psi [NX+1][s] = psi[1 J[s];

}
v[NX+2] :v[i] isthepotential energy at mesh pointi.
u[ NX+2] [ 2] :u[i][0] 1] isthered|imaginay pat of thepotential propagator at mesh pointi.
Thepotential propagaor, exp(-iV#t/2), isopeated in gd1c asfollows, see Eq. (12).
for (sx=1; sx<=NX; sx++) {
w = u[sx][O0] *psi[sx][0]-u[sx][1]*psi[sx][1];
Wi = u[sx][0] *psi[sx][1] +u[sx][1]*psi[sx][0];
psi[sx][0] = wr;
psi[sx][1] = wi;

The program gd1. ¢ Smulates an electron inddent on a potential barier of heght B, and width B,,,
see thefigure bdow. In addition, an edgepotential of heightE,, isappliedati =1 orNxinv[i]. The
potential v[i] = 0 at al theothe mesh points.

V(x) A
=
X = Lx/2-BW/2 X = Lx/2+BW/2
\\ //
\ /
\ /
\ /
\ /
\\ //
0 N K .
0 Ly/2 Ly x

Figure: The potential energy function.

a[2][2]: d[0]1[0|1] is the hdf (! ¥/2)|full (! t)-step, red|imaginary-pat of the diagond element of the
kindtic propayaor, see Eqs (17) and (198).
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bu[ 2] [NX+2][2]: bu[O] 1][i][0] 1] is the hdf (/t/2)|full (!t)-step, red|imaginary-pat of the upper
off-diagond kinetic propagator on mesh pointi, see Eqs (17) and (18).
bl [2] [NX+2][2]: bl [0] 1][i][0]1] isthe hdf (! t/2)[full (/1t)-step, real|imaginary-pat of the lower
off-diagond kinetic propagator on mesh pointi, see Eqs (17) and (18).

The 2" 2 block-diagond form of the kinetic propagator, Eq. (17), can be handled

(U (haif) )i = B%hod( 20" is1+ 5" 1 + B%hode. 21" i+1 (19)
(U (full )i =B %hod 21" 151+ A" | + B %hod( 2.0 i+1 (20)

where “104¢,2),0 = 1 (if mod(i, 2) = 0) and O (else), etc. The abovekinetic propagator is used in qd1. ¢
to updae thewave fundion as follows, wheret (= 0 for / /2N haf; 1 for / tN full) is thetime step:

/* WRK| PSI holds the new ol d wave function */

for (sx=1; sx<=NX; sx++) {

= al[t][0]*psi[sx][O0]-al[t][1] *psi[sx][1];

al [t][0] *psi[sx][1] +al [t][1]*psi[sx][O];

+= (bl [t][sx][0]*psi[sx-1][0]-bl[t][sx][1]*psi[sx-1][1])
+= (bI[t][sx][O0]*psi[sx-1][2]+bl[t][sx][1]*psi[sx-1][0]);
+= (bu[t][sx][O0]*psi[sx+1][0]-bu[t][sx][21]*psi[sx+1][1]);
+= (bu[t][sx][O0]*psi[sx+1][1]+bu[t][sx][21]*psi[sx+1][0]);
wk[sx][0] = wr;

wk[sx][1] = wi;

£

/* Copy the new wave function back to PSI */
for (sx=1; sx<=NX; sx++)
for (s=0; s<=1; s++)
psi[sx][s] = wk[sx][s];

INITIAL WAVE FUNCTION
We choo= theinitial wave fundionat timet=0to be

% 2(
"(xt=0)= Cexp&#%;exmkox). (21)

where ky =4/2E, (E, istheenergy of thewave packet) and C isthe nomalization congant such tha
"oxdx [#(x) P=1. (22)
Thefirst Gaussian factor in Eq. (21) actsto localize thewave fundion aroundx = x, and spread %

NUMERICAL EXAMPLE

Thefollowing figure shows thereal and imaginary pats of thewave fundion at four different times,
t=20,4.0,6.0,and 8.0, for thefollowing parameter set:

L, =500
N, =512
#t=10%
X, =125
%= 3.0
E,=5.0
B, =50
B,=1.0
E, =500
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