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Rayleigh Quotient

Theorem

Let A be an nxn real symmetric matrix, A,[A] = ... <A [A] its eigenvalues
in ascending order, x € R", & the Rayleigh quotient

T f‘"l[A] = min %% A)
(X; A) XA fhen X#$"
PR = Ty "2[A]= max %x; A)
5 x#$"

Proof
Let d® be the k-th orthonormalized eigenvector of A, Aqy="kqx , &

orthogonal transformation matrix, Q =[q;0,-:-q,], then
m _
T —
Q'AQ = O

)“n i
Let x = Qz (note QTQ =1), then

cop) = 2Q1AQz _Zi# L Zo#
ZTQTQZ 212 +L zr2]

which is a weighted average of A,, ..., A, & the minimum is when z' =
(1,0,...,0) = ¢, & x=Qe, =q;.




Rayleigh-Ritz Procedure

Theorem

Let {q;,...,q,,} be an orthonormal set that spans R™ (m < n) CR", so that
any vector x € R™ is expressed as a linear combination of q,...,q,:

1 m 1
"X, % ) %z, %
X:zlq1+...+zmqm or $ ' = $ '$ ' :QZ
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then the best approximations for A,[A] & A [A] are obtained by

diagonalizing m" m m"nn" nn" m

H=Q' A Q
as A, [H] & A [H].
Proof . n
Note (Q Q)u =" 040y =9;¥q; =#; 13i,j$m
k=1
then “(x A)_z Q' AQz 2" Hz _ i #(H)+L +2zm#n(H)
Z Q Qz sz 212+L +zr2n

the minimum of which is A, [H].



Orthogonalization by QR Decomposition

e Gram-Schmidt orthonormalization: The orthonormal set Q required for
the Rayleigh-Ritz procedure is obtained starting from an arbitrary set of
m vectors, S = [s;...s ] (s; €ER") as:

d1=S1/]s1 |
for 1=2 to m
i#1
qi =si# $qj(a; ¥s)
j=1
d; =qi/|dj |
endfor

 The Gram-Schmidt amounts to a QR decomposition, S = QR, where R is an
mxm right-triangle matrix:

m
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Rayleigh-Ritz Algorithm

. Startfrom S =[s,E s.] (s, € R") & do Gram-Schmidt orthonormalization,
S = QR, to obtain an orthonormal set Q = [q,E q,]

. FormH = QTAQ
. DiagonalizeH to get A,[H],.E A [H]: Hg, = A, [Hlg, (k=1K ,m)

. The approximationsof A,[A] & A [A] aregiven by A,[H] & A [H] with
the corresponding eigenvectors, y, = Qg, (k=1 & m).

Q'AQgy = M [H1gx
- A(Qgy) = A [H1(Qgy)



Krylov Subspace

 Krylov subspace S, is spanned by a Krylov matrix, K"(f) = [f Af ... A™If]
(fe R")
Theorem

Let Q_, be the orthonormal basis obtained by QR factorization, K _(f) = Q, R,
then T, = Q TAQ,, is a tridiagonal matrix

Proof
For i > j+1, q;"(Aq;) = 0, since Aq; C§;,, by construction & q; L §;,, by Gram-
Schmidt orthonormalization for i > j+1. By the symmetry of A, q;'(Aq;) =
q;"(A'q) = q;"(Aq) =0 for j>i+lori<j-1.
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Recursion Formula

* Due to the tridiagonality, Aq; is a linear combination of q; ;, q; & q;,:
AQj = Bi_19i-1+d; + BiQi,1 (2=i=m-1)

If we define q, = 0, the above equation is valid for | =1 as well. Letr, =f,q;,,
(r; is a component of Aq; orthogonal to q; for | < 1), then

ri =Aq; " #-1qj»1" $iq; (1% %m" 1)

e Lanczos algorithm:
Given rg,"o =|ro| (do=0)
for 1=1L ,m
qi # Tig1/"ig1
ri# AQ; $ "is1Qis1
T 11 . ;
%# diri - 0; (Ad;" #-101)=d; Ad; =$; (orthogonality
ri# 1 $%q;
“i=|ri| (only when i&m$1)
endfor
Keep increasing m until A,[T, ] converges



An Application of Rayleigh-Ritz/LLanczos

Search for transition states (with a negative eigenvalue of the Hessian
matrix, 62E/6ri6rj, by following the eigenvector with the smallest eigenvalue
—Rayleigh-Ritz: Kumeda, Wales & Munro, Chem. Phys. Lett. 341, 185 (101)
— Lanczos: Mousseau et al., J. Mol. Graph. Model. 19, 78 (101)
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[Figure from Prof. H. B. Schlegel; http: /chem .wayne .edu/schlegel ]



Lanczos Algorithm for Hessian Calculation

A. Nakano / Computer Physics Communications 176 (2007) 292-299

Algorithm Lanczos
Input:
R e &3V astate
logical initialize: TRUE for the first call in cach event generation; FALSE otherwise
Qutput:
A1 : the minimum cigenvalue of the Hessian matrix, H(R) = 8 v/ aR?
v! € B*N: the Hessian eigenvector corresponding to A
Steps:
if initialize
randomize A € R3‘V, such that it contains no translational motion
5«0
B* <Al
Q (eRN) «o0
do
se—s5s+1
Q' —A/B* 1
cg —maxig{lg) | li=1,....N;a=x,y,2}/d
A —cfg[-F(R+Qfea) + FR)] - 7 1@

of «QTA
A—A—a"Q
B* <Al
Ca) By ]
Br az B
diagonalize Ty = . so that (-)}‘T,-(-)_‘- =diag(%$, ..., 25"

Bea ag1 By

L. Bs—1 Qs

while [(/.{ —;‘{ l)/i‘{ l] > Agigen
Al (—k{
AR IR
vi vl

* diag(3$,...,A%) is an s by s diagonal matrix, with its diagonal clements given by ,‘:.i, e al Q=
[@'.....@]is an s by s orthogonal matrix, with §” € E* is the mth eigenvector of Ts.



Sample Run of Lanczos Program

192-atom amorphous Si02
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