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Visualizing quantumscatteringon the CM-2 supercomputer
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We implementparallelalgorithmsfor solving the time-dependentSchrodingerequationon theCM-2 supercomputer.These
methodsareunconditionallystableas well as unitaryat eachtime stepand have the advantageof being spatially local and
explicit. We show how to visualize the dynamics of quantum scatteringusing techniquesfor visualizing complex wave
functions. Severalscatteringproblemsaresolvedto demonstratethe useof thesemethods.

1. Introduction

Numericalsolutions to the time-dependentSchrodingerequationhavelong beena challengingcompu-
tational physics problem. In order to havegood numericalsolutions,it is necessaryto haveboth a stable
and a unitary algorithm. Methods which possessthese desired propertiesare computationallyquite
expensive[1—3]. Here we use new techniques[4] that are unitary, explicit and local, as well as
computationallysimple.Thesetechniquesare implementedon the CM-2 supercomputer[6] andselected
quantum-scatteringproblemsare solvednumericallyandvisualized.

Considerthe time dependentSchrodingerequationin N-dimensionalEucideanspaceR N

ih~T’(x, t) = Ji~I’(x,t), (1)

wherei~2is the self-adjoint Hamiltomanoperatorfor the systemunderstudyand ‘I’(x, t) is the system’s
wave function. This evolution equationconstrainsf I ‘I’(x, ‘)I 2 dNx to be time independent.For the
specialcaseof a single particle moving in a fixed potential field V(x), the Hamiltonian for the system
takesthe form

n=hv2+V(x) (2)

Given the initial wave function ‘I’
0(x) = ~I’(x, ta), we would like to find “I’ at later timest>

to. The formal
solution to eq. (1) is given by

I . 1— ,.\ \
‘I’(x, t) exp~—i h H)~I1o)(x~t). 3)

To evaluateeq. (3), one needsan accurateway to evaluatethe unitary action of exp(— i(~t/h)H) on a
statevector. Naiveapproachesthat approximatethe exponentialby usingthe leadingtermsof the series
expansion

/ . L~t ~\ . tXt IF ~t ~]2\
exp~_1—j

2--H)=1 _1—j~-H+~9~[_~--Hj) (4)
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are unstableandarenot unitary. Indeed,onefinds aftera verysmall numberof iterationsthat the solution
is dominatedby high-frequencynoise.

Otherstableapproachesthat respectunitarity [1], suchas Cayley’s fractional form

L~t . L~t 1 3
exp(—i-~-H)= (i — i~H)(1 + 1.~-~H)+ e~ -h-H (5)

work quite well, but are computationallyexpensivedue to the large systemof equationsthat must be
solvedin order to implementtheinverseoperator[1+ i( ~ t/2h ) H] 1 actingon a statevectorat each time
step.

Spectral-likemethods[2] thatwrite H = T + V where T is diagonalin Fourier space,and evaluate~

~t~
2

~ -h--H , (6)

are stable and indeed unitary, but require a non-local Fourier transform and its inverse to evaluate
exp[ — i( z~t/h )T] on a statevector.

Alternating direction implicit (AD!) methodshavealso been studied[3]. Although thesemethodsare
stableand unitary, they requiremultiple solutions to tridiagonal systemsof equationsat each time step.

2. Spacesplitting

Methodsused here are basedon splitting the kinetic operator T into a sum of M piecessuch that
T = ~4~i

1T1. EachT1 is chosenso that it canbe easily exponentiated.Thiscanbe accomplishedby requiring
each T, to be the direct sumof matriceseachof which is no larger thansomemodestsize(we use2 by 2)
that is easyto exponentiate.The time-steppingoperatoris evaluatedas #2

exp(_i~~)= (i~iexp(_i~i~))exp(_i~~)+e~({~i~J2). (7)

Weshall show that this methodis not only stableandunitary,but by constructionit is also spatiallylocal.
Fora largeclassof discretizationsT canbe divided into into M distinct parts.Wheneverthe line graph~
of the matrix of T canbe M-colored,this is indeedthe case[5]. Thesespace-splittingmethodsare therefore
applicableto unstructuredor irregulargrid problems.

To see how this works on a simple one-dimensionalproblem, considera one-dimensionalperiodic
systemon a discretespatial lattice with an evennumberL, of equally spacedsitesanda uniform lattice
spacinga. A secondorder approximationto the Laplacianleadsto

h
2

(t~I’)~= 2[2’1’fl—~I’fl_1—~’fl+11, (8)
2 ma

*1 The Trotter product formula statesthat lim,, . ,,~[exp(iA/n)exp(i~/n)]”= exp[i(A + B)].
*2 To extend eq. (7) to an accuracy of V([~t]3) one can verify that exp[—i(~t/h)ñl=(FI~’i

1 exp[—i(~t/2h)i~])X

exp[—i(z~t/h)J
2](fJ~Mexp[—i(~t/2h)ZD+~([(~t/h)~I]3) which alsoappliesto eq. (6) when M=1.

~ The line graph L(G) of a graph G is thegraph that associatesa vertexwith eachedgeof G and anedgefor eachedgepair of G
which meetata vertexof G.
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wheren is a site index which takeson the valuesn = 0, 1, 2 L — 1. The matrix for Tt is

2 —1 0 •.. 0 —1
—1 2 —1 ... 0

h2 0 —1 2 —1 0
[T]=

2ma2 ... ... ... (9)

0 ~ —1 2 —1

—1 0 0 —1 2

whichmay besplit into two parts#4 This splitting is chosen so that eachindependentpiecemayeasily be
exponentiated.Our choice is

1 —1 0 0 ... 0 0
—1 1 0 0 -.

0 0 1 —1 0

[~~ven] h 0 0 1 0 (10)2ma 00

0 ~ ~ .. 0 1—1

0•~~ •.. ... 0—1 1

and

1 0 0 0 ... 0 —1
0 1 —1 0 •.~ •.• 0

0 —1 1 0 .

h
2 . . . . . .

[1~dd1= 2 : . ‘. . . : (11)
2 ma 0 ~ •.~ 0 1—1

0 ~ ~., 0 —1 1 0

—1 •.. •.. •.. ... 0 1

Both ~ven and 7~~ddare directsumsof the 2 by 2 matrix

M=
2ma2 —1 1

which may easily be exponentiated,since

I .1st ~\ . ma2 1 1+exp(—ie) 1—exp(—i) ~ /3

1—exp(—i�) 1+exp(—i�) = /3 a

(12)

where ~= L’*th/ma2 and a = [1 + exp(—i�)]/2and /3 = [1 — exp(—i)]/2. Of courseexp[—i(L~t/h)A~I]is
unitary with eigenvaluesX

1 = 1 and X~= exp(—i�).

*4 The line graphof aneven 1-torusis againaneven 1-toruswhich canbe 2-coloredby associatingtheevenandodd vertices.
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Theserelationsmay also be statedalgebraicallyas

(~ven~)n 2ma2(~ 1—(—1)~ 1+(_1Y~) (13)

and

(~dd~)n= 2ma2(~2~_1 1_(_1)~) (14)

The exponentiatedforms are

(15)

and

~ (16)

The unitarity of the algorithm implies that the time advancednorms of Iexp[—i(~~t/h)7~ven’~1’]I2

Iexp[—i(~t/h)~~dd’I’]I2and Iexp[—i(~t/h)V’~I’]I2 are left unchangedandequalto the norm of I ~~PI2at
the beginningof the timestep,so the algorithmis unconditionallystable.

Although we haveuseda second-orderapproximation to the Laplacianoperatorfor demonstration
purposes,there is no reason why higher-orderapproximationsmay not be used. For example, a
fourth-orderapproximation#5 leadsto a T which canbe split into fourparts.The four parts are the even
and odd connectionsto nearest-neighborsitesas in the quadraticcaseand the additional evenand odd
connectionsto next to nearestneighboringsites.

All of theseone-dimensionalequationsgeneralizeto N spatial dimensions.In N spatialdimensionsthe
site index n is replacedby a vector n = [n

1, n2,..., nN] and the quadraticapproximationto the kinetic
operatorT becomes

h
2 N

(T’IO~= 2 2 2N’~P,,— ~ (‘I’,~~+‘I’,,÷~), (17)
ma a=1

where ~a is a unit vector in the a th direction and eachcomponentn~= n of n takesn the values
n

0 = 0, 1 L0 — 1. Here 7~may be split up into 2N parts, or T= ~~i(~en + ~~d)• As in the
one-dimensionalcase,we find that on the N-torus

1— (_1)~=mnh 1 +
(exP[—i--~-1~en]sI’)=a~I~,7_/3 2 ~ 2 ~1~n+ê~, (18)

and

1 + (— 1)~-i05 1 — (— 1)~-1~(exP{—idJ~)=a~Pfl-fl 2 ~ 2 (19)

*5 (~t*),= (h
2/24ma2)[3O~I’,,—16~I’,,~—16~I’,,+~+ ‘~~‘,,2+ ‘I’,,+2]+ t9(a4).

*6 By construction,eachT
1 is thedirect sum of 2 by 2 and 1 by 1 matrices.



88 J.L. Richardson/ Visualizingquantumscatteringon theCM-2 supercomputer

The unconditionalstability argumentgiven for the one-dimensionalcasedependsonly on the unitarity
of the algorithmand thereforeis againapplicablein the N-dimensionalcase.

Theseresultsfor the N-torusmay also be extendedto arbitrary grids (structuredor unstructured)with
different topologies.As mentionedearlier, oncethe line graphof T has beenM-colored,the M operators
T1, 1 = 1, 2 M, are easyto exponentiate#6 andthe evolutionoperatoris againunitary, extendingthe
previousresults.

The stability results for the Schrodingerequationalso apply to the diffusion equation.The simple
substitutionst — —it and z~t—~—i~l with V= 0 in all our previousformula transformsthe quantum
mechanicalSchrodingerequation into the classicaldiffusion equation.All of the operatorsthat were
previouslyunitary in the Schrodingercasenow becomerealoperatorswith positive eigenvaluesthat are all
less thanor equalto unity, so unconditionalstability againapplies.

3. Visualizing wave functions

In order to see the quantum scattering process, we needa techniqueto look at the evolutionof complex
wave functions. Standardprobability-densityplots can be viewed, but there is a wealth of additional
informationcontainedin the phaseof thewave function.We desirea techniqueto yew both the amplitude
andthe phaseof the wave functionsimultaneously.Most of ushavesomesort of metal imagewhenwe are
presentedwith the conceptsof a pole,a zero,a branch point or a branch cut. Mostgraphical techniques
for describingcomplex functions are quite crude in that poles andzeros maybe representedby X ‘s and
0’s and branch cuts identified by thick lines, but detailed phase information is usually lost as well as pole
and zero multiplicity data. Here we propose a standard for displaying complex functions that uses color to
convey intensity and phase information.

3.1. Projecting into color

Color space is a compact three-dimensional space, and a point in the space can be uniquely specified by
the three intensities (r, g, b) that represent the intensity of the red, green and blue electrongunsin a color
display tube. The intensities r, g and b each lie in the interval [0,1]. The eight vertices of the color cube are
displayed in fig. 1. The color intensities vary linearly between all points in the cube.

To visualize a complex number z = x + iy or a two-dimensional vector field (v1, 02), we must find a
mappingfrom C or equivalently II~2into the color cube [0,1]~.There are an infinite number of possible
mappingsto choosefrom.

Onewell known mappingstereographicallymapsthecomplexplaneonto thesurfaceof the unit sphere
S

2 by finding the intersection of the ray that passes through the north pole (0, 0, 1) and the point in the
plane (x, y, 0). Points that lie inside the unit circle in the complex plane are mapped to the southern
hemisphere and the origin z = 0 is mapped to the south pole (0, 0, — 1). Points that lie outside the unit
circle are mapped to the northern hemisphere and all points at cc are mapped to the north pole (0, 0, 1).
Points on the unit circle map directly to the equator. This mapping is defined by

(2x, 2y, x2 +y2 — i)
(x,y,z)= 2 2 ( )

x +y +1

and this projection is shown in fig. 2.
One natural way to imbed the unit sphere in the color tube is by shrinking its radius to 1/2 and placing
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Fig. 1. The colorcube. Fig. 2. Stereographicprojection of thecomplexplaneonto the
surfaceof theunit sphere.

the centerof the sphereat the centerof the color cube(r, g, b) = (1/2,1/2, 1/2). We align the southern
to northern axis of the sphere along the ray from (0, 0, 0) to (1, 1, 1) in the color cube. This orientationis
chosenso that the southpole is as closeto black (0, 0, 0) as possible(aestheticallyzeroeswhich haveno
amplitudeought to the black) and the north pole is as close to white (1, 1, 1) as possible(likewise poles
which have enormousamplitudesought to be white). The azimuthal orientation will be uniquely
determinedif we requirethat the positiverealaxishasmaximal red intensity(R is for realor right or red!).

This map looks quite reasonableon the unit circle but the intensitiesat the origin and cc are not
distinct enough.This is becausea sphereof radius 1/2 canonly havepoints that are a fraction 1/%/i or
about58% of the distanceto the cornersat (0,0, 0) and(1, 1, 1) which leadsto weakintensities.Intensities
for poles are not bright enoughandzeros are not dark enough.To remedythis situation we will replace
eachhemisphereof the sphereby separateconeswhosevertices are at (0, 0, 0) and (1, 1, 1) andwhose
baseslie on the equator.In a coordinatesystemwherethe z-axisis the axis of thecones, this mappingis
definedby:

(2x, 2y, ~(x
2 +y2 — 1)~(x2 +y2 + 1 — 2~x2+y2))

(x’, y’, z’)= x2+y2+1 (21)

where

1 1 t>0t<O.
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If werescaleeq.(21) by a factor of 1/2, followed by a rotation to align the conesaxis with the diagonalof
the color cubeand follow thisby a translationto the centerof the color cubewe find:

1 ~x2+y2 2x
r=~+~(x

2+y2—1) 2 1+x2+y2 + ~(1+x2+y2)’ (22)

/2 2
1 2 2 1 yX+y X yg=~+~(x +~ ~ ~ 1+x2+y2 — ~(1+x2+y2) + ~(1+x2+y2)’ (23)

/2 2
2 2 1 v~Y Xb=~+~(x +Y ~ 2 1+x2+y2 — ~(1+x2+y2) — ~(1+x2+y2)~ (24)

Thesecompletelydefine our mappingsfrom the complex planeinto the color cube. This map has the
desiredpropertiesat poles andzeros andwill be usedfor visualizingcomplex wave functionsin the next
section.

4. Scatteringexamples

We havenumericallystudiedthe scatteringof a Gaussianwave packetby a localized potential V(x)
usingthe CM-2 supercomputer.Thesealgorithmsare very easyto programusing CMFortran as can be
seen by the following time-steppingroutine.

c Time stepping subroutine for two dimensional
c Schrodinger equation

SUBROUTINE step(psi,alpha,betaeven,betaodd,expv,count)
PARAMETER(n=1024)
COMPLEX psi (n,n),alpha,betaeven(n,n),betaodd(n,n),expv(n,n)
INTEGER i,count

DO i1,count

psi expv*psi

psi =aLpha*psi +betaeven* CSHIFT(psi ,DIM 1,SHIFT—1)
& +betaodd *CSHIFT(psi,DIMI,SHIFT+1)

psi alpha *psi +betaeven*CSHIFT(psi ,DIM=1,SHIFT+1)
& +betaodd *CSHIFT(psi,DIM1,SHIFT—1)

psi alpha*psi +betaeven* CSHIFT(psi,DIM2,SHIFT—1)
& +betaodd *CSHIFT(psi,D1M2,SHIFT+1)
psiaLpha*psi+betaeven*CSHIFT(psi,D1M2,SHIFT+1)

+betaodd *CSHIFT(psi,D1M2,SHIFT—1)

END DO

RETURN
END

This is a very simple minded,but easyto understandsubroutine.The array expv( ) is exp[—i(~t/h)V]
and the arraysbetaeven() andbetaodd() are definedto be zero on odd or evensitesrespectivelyand /3
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Colorplate 1. A packetscatteredfrom a repulsive(positive)potential.



92 J.L. Richardson/ Visualizingquantumscatteringon the CM-2 supercomputer

Colorplate 2. A packetscatteredfrom anattractive(negative)potential.
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otherwise.This implementationdoesunnecessarymultiplications by zero but still managesto run at about
800 Mflops on a64K CM-2. A moreefficient CMFORTRAN versionruns at above2000 Mflops on the
samehardware[7].

Given an initial wave functiondescribedby

2
2 —N/2 (x—x0)x,0)=(2rr(~x)) exp — 2 +ip.x (25)

2(~x)

centeredat the point x0 andmovingwith momentap, wewould like to observethe timeevolution~I’(x, t)

of the scatteringprocess.
We will restrictourselvesto two spatialdimensionsso that the results can be seen on the sheets of this

paper. In order to visualize the complex wave function, we haveused the techniquedescribedin the
previoussection.

Color plate 1 shows a sequenceof frames where a packet is scatteredfrom a repulsive (positive)
potential that is constantinside a circle of radius r0. Notice the de Broglie wavesperpendicularto the
directionof motion in the initial Gaussianwave packetas it move to the right. As the packedmoves it
spreads and finally it contactsthe repulsivepotential andis reflectedby it. The wave function is repelled
by thepotential.

Color plate 2 shows a sequenceof frameswhere a packet is scatteredfrom an attractive (negative)
potential that is constantinside a circle of radius r0. Notice how the wave function is attractedby the
potentialwhich seemsto pull it throughthe scatteringcentercausinga peakin the forward scatteringcross
section.

Theseframescan be computedand viewed continuouslyusing the CM-2 supercomputer,andvidieo-
tapes of scattering phenomena have been made by the author [9].

5. Conclusionandgeneralizations

Wehaveimplementednew algorithmsfor the numericalintegrationof the time-dependentSchrodinger
equationusing the CM-2 and demonstratedtheir use. The algorithmsare unconditionallystable, local
unitary,explicit and are easyto implement. In additionwe haveintroducednew visualization techniques
for complexfunctionsor two-dimensionalvectorfields.

We havealso shown how to extendtheseintegrationalgorithmsto unstructuredgrids and to simulate
diffusion processes.

As onemight anticipatefrom our discussion,thesespace-splittingtechniquesare quite generalandhave
beenextendedto a broaderclassof wave phenomenaincluding electromagneticprocesses,fluid fluid flow
andmechanicalphenomena[8].
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