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Abs tract

Many emerging large-scale data science applications require searching large graphs dis-
tributed across multiple memories and processors. This paper presents a distributed breadth-
first search (BFS) scheme that scales for random graphs with up to three billion vertices and
30 billion edges. Scalability was tested on IBM BlueGene/L with 32,768 nodes at the Lawrence
Livermore National Laboratory. Scalability was obtained through a series of optimizations, in
particular, those that ensure scalable use of memory. We use 2D (edge) partitioning of the
graph instead of conventional 1D (vertex) partitioning to reduce communication overhead. For
Poisson random graphs, we show that the expected size of the messages is scalable for both 2D
and 1D partitionings. Finally, we have developed efficient collective communication functions
for the 3D torus architecture of BlueGene/L that also take advantage of the structure in the
problem. The performance and characteristics of the algorithm are measured and reported.

1 Introduction

Data science has gained much attertion in recen years owing to a growth in demand for techniques
to explore large-scde data in important areas such as genomics, astrophysics, and national secuity.
Graph seach plays an import ant role in analyzing large data sets sincethe relationship betweendata
objects is often represeried in the form of graphs, such as semantic graphs [4, 14, 17]. Breadth-brst
seach (BFS) is of particular importance among dilerent graph seach methods and is widely used
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in numerous applications. An application of particular interestto us is the analysis of very large
semantic graphs. A common query that arisesin analyzing a semantic graph, for example, is to
determine the nature of the relationship betweentwo verticesin the graph, and such a query can
be answered by Pnding the shortest path betweenthose verticesusing BFS. Further, BFS can be
usedto Pnd a set of paths betweentwo verticeswhoselengths are in a certain range. Another key
area of interestis community analysis in semantic graphs [5, 7, 20, 21, 22]. A community detection
algorithm by Newman and Girvan [22], for example, iteratively invokesBFS for all pairs of vertices
until it Pnds all the community structuresin the graph.

Searching very large graphs with billions of verticesand edges, however, poseschallenges mainly
due to the vast seach space imposedby the large graphs. Especially, it is oftenimpossble to store
such large graphsin the main memory of a single computer. T his makesthetraditional PRAM-based
parallel BFS algorithms [6, 10, 11, 13] unuséable and calls for distributed parallel BFS algorithms
where the computation movesto the processo owning the data. Obviously, the scdability of the
distributed BFS algorithm for very large graphs becanesa critical isste, since the demand for local
memory and inter-processo communication increasesas the graph size increases.

In this paper, we propose a scdable and e"ci ent distributed BFS scheme that is capable of
handling graphs with billions of verticesand edges. In this reseach we consider Poissa random
graphs, where the probability of any two vertices being connected by an edge is equal. We use
the Poissan random graphs, mainly because there are no publicly available large real graphs with
which we can test the scdability of the proposed BFS algorithm. A scocial network graph derived
from the World Wide Web, for example, contains 15 million vertices[8] and the largest citation
network available has two million vertices[19]. In the abserce of the large real graphs, the synthetic
random graphs, which are the simplest graphs that have small diameter, the feaure of real-world
networks, provide us with an easy means to construct very large graphs with billions of vertices.
Furthermore, the random graphs have almost no clustering and thus have large edge-cus when
partitioned, allowing usto understand the worst-caseperformanceof our algorithm. Weusearbitrary
partitionings with the constraint that the partitions are balancedin terms of number of verticesand
edges.

We achiewve high scdability through a set of clever memory and communication optimizations.
First, a two-dimensional (2D) graph partitioning [3, 15, 16] is used instead of more convertional
one-dimensional (1D) partitioning. With the 2D partitioning, the number of processesnvolved in
calective communications is O(v/P) in contrast to O(P) of 1D partitioning, where P is the total
number of processos. Next, we derive the bounds on the length of messaes for Poiss;n random
graphs. We show that givenarandom graph with n vertices,the expected messae length isO(n/ P).
This allows us to manage the local memory more e"ci ently and improve the scdability. Finally,
we have deweloped scdable cdlectivesbasedon point-to-point communications for BlueGere/L [1].
Here, we attempt to reduce the number of point-to-point communications, taking advantage of the
high-bandwidth torus network of BlueGere/L. In the implemertation of the cdlectives, we explore
the use of reduce-scater (where the reduction operation is setunion) rather than straightforward
useof all-to-all. It is shown that the reduce-scater implementation signibcantly reduces messae
volume.

Our BFS scheme exhibits good scdability as it scdesto a graph with 3.2 billion verticesand
32 hillion edges on a BlueGere/L system with 32,768 nodes. To the best of our knowledge, this
is the largest explicitly formed graph ever explored by a distributed algorithm. The performance
characteristics of the proposedBFS algorithm are also analyzed and report ed.

This paper is organized as follows. Section 2 descrbesproposeddistributed BFS algorithm. The



optimization of the BFS scheme is discussedin Section 3. The experimental resuts are presentedin
Section 4, followed by concluding remarks and directions for future work in Section 5.

2 Proposed Distributed BFS Algorithm

In this secion, we presert the distributed BFS algorithm with 1D and 2D partitionings. The
proposedalgorithm is a level-synchronized BFS algorithm that proceeds level by lewvel, starting with
a saurce vertex, where the lewvel of a vertex is defned as its graph distance from the saurce. In
the following, we use P to denote the number of processes, n to denote the number of verticesin
a Poiss random graph, and k to denote the average degee. The P processes are mapped to a
two-dimensional logical processo array, and we useR and C to denote the row and coumn stripes
of the processo array, respectively. We consider only undirected graphs in this paper.

2.1 Distributed BFS with 1D Partitioning

A 1D partitioning of a graph is a partitioning of its verticessuch that each vertex and the edges
emanating from it are owned by one processo'. T hesetof verticesowned by a processoisalsocalled
its local vertices. The following illustratesa 1D P-way partitioning using the adjacercy matrix, A,
of the graph, symmetricaly reordered sothat verticesowned by the same processo are contiguous.
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The subscripts indicate the index of the processo owning the data. The edges emanating from
vertex v form its edge list which is the list of vertex indicesin row v of the adjacercy matrix. For
the partitioning to be balanced each processo should be assigned approximately the same number
of verticesand emanating edges.

A distributed BFS with 1D partitioning proceed as follows. At each lewvel, each processo has a
set F which is the set of frontier verticesowned by that processo. The edge lists of the vertices
in F are merged to form a set N of neighboring vertices. Some of theseverticeswill be owned by
the same processo, and same will be owned by other processes. For verticesin the latter case,
messa@esare sert to other processeos (neighbor verticesare sen to their owners) to potertially add
theseverticesto their frontier set for the next level. Each processo recevesthesesets of neighbor
verticesand mergesthemto form M, a set of verticeswhich the processo owns. The processo may
have marked same verticesin M in a previous iteration. In that case,the processo will ignore this
messa@e and all subsequent mess@esregarding those vertices.

Algorithm 1 descrbesthe distributed breadth-brst expansion using the 1D partitioning, starting
with a vertex v,. In the algorithm, every vertex v becames labeled with its lewel, L,_(v), which
denotesits graph distance from v,. The data structure L, (v) isalsodistributed sothat a processo
only storesL for itsloca vertices.

IWe assume that only one process is assigned to a processor and use process and processor interchangeably.



2.2 Distributed BFS with 2D partitioning

A 2D partitioning of a graph is a partitioning of its edges such that each edge is owned by one
processo. In addition, the vertices are also partitioned such that each vertex is owned by one
processo. A processstores same edges incidert on its owned vertices, and sane edges that are
not. This partitioning can be illustrated using the adjacency matrix, A, of the graph, symmetrically
reordered sothat verticesowned by the same processo are contiguous.
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Here,the partitioning isfor P = R - C processas, logicaly arrangedin a R x C processo mesh We
will usethe terms processor-row and processor-column with respect to this processo mesh In the
2D partitioning above, the adjacerncy matrix is dividedinto R - C block rows and C block coumns.
The notation Ag*] denotes a block owned by processo (i,j). Each processo owns C blocks. To
partition the vertices,processo (i, j ) ownsthe verticescorresponding to block row (j —1)-R+i. For
the partitioning to be balanced each processo should be assigned approximately the same number
of verticesand edges. The convertional 1D partitioning is equivalert to the 2D partitioning with
R=1orC=1

For the 2D partitioning, we assune that the edge list for a given vertex is a column of the
adjacercy matrix. Thus each block in the 2D partitioning contains partial edge lists. In BFS using
this partitioning, each processo has a set F which is the set of frontier vertices owned by that
processo. Consider a vertex v in F. The owner of v serds mess@esto other processaes in its
processo-column to tell them that v is on the frontier, since any of theseprocessos may contain
partial edge listsfor v. We call thiscommunication stepthe exzpand operation. The partial edge lists
on each processo are merged to form the set N, which are potertial verticeson the next frontier.
The verticesin N are then sert to their owners to potentially be added to the new frontier set
on those processos. With 2D partitioning, theseowner processes are in the same processo row.
This communication step is referred to as the fold operation. The communication step in the 1D
partitioning (steps 8B13 in the Algorithm 1) isthe same as the fold operation in the 2D partitioning.
The advantage of 2D partitioning over 1D partitioning is that the processo-column and processo-
row communications involve R and C processas, respectively; for 1D partitioning, all P processeos
are involved in the communication operation. Algorithm 2 descrbesthe proposeddistributed BFS
algorithm using 2D partitioning. Steps 7B11 and 13P18 correspond to expand and fold operations,
respectively.



Algorithm 1 Distributed Breadth-First Expansion with 1D Partitioning

0, v=v, wherev, isa saurce

LoInitidizeL,, (V) = 0 Ginenwise

2. for | = 0to oo do

3 F «—{v]|L,(v) = I}, thesetof loca verticeswith level |
4. if F = ( for all processos then

5: Terminate main loop

6. end if

7. N < {neighbors of verticesin F (not necessdly local)}
8.  for all processas q do

o N, < {verticesin N owned by processo g}

10: Send N, to processo g

11 Receive M, from processo q

12 end f()r

13: M, (The N, may overlap)

14: forveMNandL, (V)= ocodo

15: Lo (V) —1+1
16: end for
17: end for

Algorithm 2 Distributed Breadth-First Expansion with 2D Partitioning

0, v=v, wherev, isa saurce

1: Initialize L, (v) = . otherwise

2. for | = 0to oo do

3 F «—{v]|L,(v) = I}, thesetof loca verticeswith level |

4 if F = () for all processes then

5: Terminate main loop

6. end if

7. for all processes g in this processo-column do

8: Send F to processo q

o: Receive B, from processo q (The [, are disjoint)

10  end for

1L P q ng %
12 N « " neighbors of verticesin P using edge lists on this processo
13:  for all processos q in this processo-row do

14: N, < {verticesin N owned by processo q}

15: Send N, to processo g

16: Receive N, from processo q

17 end f()r

18: « ,N, (The N, may overlap)

190 forveMandL, (v) = codo

20: Ly (V) —1+1

21: end for
22: end for




In the expand operation, processes serd the indicesof the frontier verticesthat they own to
other processos. For dense matrices[9] (and even in same casesfor sparse matrices[12]), this
operation istraditionally implemented with an all-gather calective communication, sinceall indices
owned by a processo needto be sert. For BFS, this is equivalent to the case where all vertices
are on the frontier. This communication is not scdable as the number of processes increases. For
sparse graphs, however, it is advantageaus to only serd verticeson the frontier, and to only serd
to processos that have non-empty partial edge lists corresponding to thesefrontier vertices. This
operation can now be implemented by an all-to-all cdlective communication. In the 2D case, each
processo needs to store information about the edge lists of other processaes in its processeo-column.
The storage for this information is proportional to the number of verticesowned by a processo,
and therefore it is scdable. We will show in Section 3 that for Poissa random graphs, the messae
lengths are scdable when communication is performed this way.

The fold operation is traditionally implemented for dense matrix computations as an all-to-all
communication. An alternative isto implement the fold operation as a reduce-scater operation. In
this case, each processo receives ¥ directly and line 18 of the Algorithm 2 is not necessgy. The
reduction operation, which occurs within the reduction stage of the operation, is a setunion and
eliminatesall the duplicate vertices.

2.3 Bi-directional BFS

The BFS algorithm descrbed above is uni-directional in that the seach starts from the saurce and
continues until it reaches the destination or all the verticesin the graph are visited. The BFS
algorithm can be implemented in a bi-directional fashion as well. In a bi-directional seach, the
seach starts from both saurce and destination verticesand continues until a path connecting the
saurce and destination isfound. An obvious advantage of the bi-directional seach isthat the frontier
of the seach remains small compared to the uni-directional case. This reducesthe communication
volume as well as the number of memory accessessignibcantly improving the performance of the
seach. The 1D or 2D partitioning can be usedin conjunction with the bi-directional BFS. For
additional details, see[23].

3 Optimizations for Scalability

It was shown in the previous secion that the 2D partitioning reducesthe number of processeos
involved in collective communications. In this secion we show how the BFS algorithm can be
further optimized to enhance its scdability.

3.1 Bounds on message buffer length and memory optimization

A major factor limiting the scdability of our distributed BFS algorithm isthat thelength of messae
bulers usedin all-to-all cdlective communications grows as the number of processaes increases. A
key to overcaming thislimitation isto usemessaye bu'ers of bxedlength. In the following, we derive
the upper bounds on the length of messaesin our BFS algorithm for Poissan random graphs. Recdl
that we debne n asthe number of verticesin the graph, k asthe average degee,and P asthe number
of processos. We assume P can be factored as P = R x C, the dimensions of the processo mesh
in the 2D case. For simplicity, we further assume that n is a multiple of P and that each processo
owns n/ P vertices.



Let A’ be the matrix formed by any m rows of the adjacercy matrix of the random graph. We

dene the useill quantity +

I(m) = 1— n;

1! mk

which is the probability that a given cdumn of A’ is nonzera The quantity mk is the expected
number of edges (nonzercs) in A’. The function ! approachesmk/n for large n and approaches 1
for small n.

For distributed BFS with 1D partitioning, processo i owns the A; part of the adjacercy matrix.
In the communication operation, processo i serdsthe indicesof the neighbors of its frontier vertices
to their owner processos. If all verticesowned by i are on the frontier, the expected number of
neighbor verticesis

n-!'(n/P)-(P—-121)/P.

This communication length is nk/P in the worst case, which is O(n/P). The worst case viewed
another way is equal to the actual number of nonzercs in A;; every edge causesa communication.
This worst caseresut is independert of the graph.

In 2D expand communication, the indicesof the verticeson the frontier set are sert totheR — 1
other processos in the processo-column. In the worst case,if all n/ P verticesowned by a processo
are on the frontier (or if all-gather communication is usedand all n/ P indicesare sert) the number
of indicessert by the processo is

n
S(R-1)

which increaseswith R and thus the messae size is not controlled when the number of processos
increases.

The maximum expected messa@e sizeis bounded as R increases,however, if a processo only serds
the indicesneeded by another processo (all-to-all communication, but requires knowing which in-
dicesto serd). A processo only serdsindicesto processes that have partial edge lists corresponding
to verticesowned by it. The expected number of indicesis

n
— . R)-(R—-1).
51 (VR)-(R-1)
The resut for the 2D fold communication is similar:
n
— .1 . _
5! (n/C)-(C -1).

Thesetwo quantitiesare also O(n/ P) in the worst case. Thus, for both 1D and 2D partitionings,
the length of the communication from a single processo is O(n/ P), proportional to the number of
verticesowned by a processo. Once an upper bound on the messa@e sizeis determined, we can use
messae bulers of bxed length independent of the number of processeos used

3.2 Optimization of collectives for BlueGene/L

It can be deduced from the equations preseried in Section 3.1 that the expected messa@e size
approaches % - k for large n. This impliesthat all-to-all conmunication may not be usedfor very
large graphs with high average degee, due to the memory constraint. To limit the size of messae
bulers to a bxed length, independent of k, the cdlectivesmust be implemented basedon point-to-
point communication. We have deweloped scdable cdlectivesusing point-to-point communications
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Figure 1. Mapping of the L, x L, logical processo array to w, x w, x 4 torus.

specibcally desined for BlueGere/L. Here, we attempt to reduce the number of point-to-point
communications, taking advantage of the high-bandwidth torus interconnect of BlueGere/L and to
reduce the volume of messagestransmitted.

3.2.1 Task mapping

Our BFS scheme assumesthat a given graph is distributed to a two-dimensional logical processo
array. This logica processo array is then mapped to a three-dmensional torus of BlueGere/L.
Figure 1 illustrates this mapping. In this example, an L, x L, logical processo array is mapped
toaw, x w, x 4 torus. The givenL, x L, logical processo array is brst divided into a set of
W, X W, planes, and then each plane is mapped to the torus in such a way that the planesin the
same caoumn are mapped to adjacent physical planesas shown in Figure 1.b. With this mapping
the expand operation is performed by those processeos in the same cdumn of adjacert physica
planes. On the other hand, the processeos performing fold operation are not in adjacert planes.
Theseprocessos form processo grids on multiple planeson which expand and fold operations are
performed as indicated by blue (dashed) and red linesin Figure 1.b. We concertrate on improving
the performance of the cdlectiveson thesegrids.

3.2.2 The optimization of the collectives

Basically, the optimized cdllectivesfor BlueGere/L are implemented using ring communication, a
point-to-point communication that naturally works very well on a torus interconnect, to make them
scdable. We improve the performance of thesecdlectivesby shortening the diameter of thering in
our optimization. In this scheme, the cdlective communications are performed in two phases. The
ideais to divide the processas in the ring into seweral groups and perform the ring communication
within each group in parallel. To ensure that processes in a group can receive and processmessa@es
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Figure 2: A fold operation on a2x 3 processo grid (Thenotation [S][R] denotesa set of mess@essert
by processes in group Sto processaes in group R. The serding and receiving groups are represeried
as a range of comma-separated list of processes.).

from the processos in all other groups, processaes in each group initially serd messaes targeted
to other processo groups. A processo serds messagesto only one processo in each group in this
stage (phase 1). Thesemessges will evertually be receved by all the processes in the targeted
group during the ring communication (phase?2). The processesre mapped to processes in such a
way that the processaes in each group form a physica ring with (wraparound edges).

The fold operation is implemented as reduce-scater in our optimization, where the reduction
operation is setunion. That is, all the messgesare scanned while being transmitted to ensure that
the mess@es do not contain duplicate vertices. This union operation reducesthe total messae
volume and therefore improves the communication performance. In addition, the decreasein the
message volume reducesthe memory accessedor processing the receved vertices. The proposed
communication scheme is similar to the all-to-all persmalized communication tecnique proposed
in [24] but dilers in that our scheme performs the set-union operation on transmitted messaes.

In this scheme, the processaes in the same rows and caumns of a processo grid are grouped
together. In phasel, all the processas in the same row group exchange messaesin a ring fashion.
In this row-wisecommunication, a processo combinesmessagesfor all the processeos in each codumn
group and serds them to the processos in the sane row. When a processadds its verticesto a
received messae, it only adds thosethat are not already in the mess@e. Each processhas a set
of verticesfrom all the processesn its row group (including itsef) to the processesn its codumn
group after the phasel. Theseverticesare then distributed to appropriate processesn its codumn
group in phase 2 using point-to-point communication to complete the fold operation.

Thisisillustratedin Figure 2. In thisexample, the fold operation is performed on a 2x 3 processo
grid. The processos are grouped in two row groups and three column groups as shown in Figure 2.a.
After phase 1, each processo in a row group contains the messaes from all the processesn the
row group to the processesn the cdumn group that the processo belongs to (Figure 2.b). After
thesemessagesare exchanged among the coumn processos in phase 2, each processo has receved
all the messgesdestined to the processo (Figure 2.c).

The expand operation is a simpler variation of the fold operation. The dilerence is that each
processo sertds the same messae to all the other processos on a processo grid. We descrbe this
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using an example, wherean expand operation isperformedon a 2x 3 processo grid that isdepictedin
Figure 2.a. In the brst phase,the processas in the same coumn group serd messa@esto each other.
Therefore, all the messgesto be sert to a row processo group have received by the processos in
the row group after phasel, as shown in Figure 3.a. Thesemessa@esare then circulated in row-wise
ring communications in phase 2. After the phase 2, each processo has receved messagesfrom all
other processos (Figure 3.b). The time complexity of both fold and expand operationsis O(m + n)
for an m x n processo grid.

4 Performance Evaluation

This secion preseris experimertal resuts for the distributed BFS. We have conducted most of the
experiments on IBM BlueGere/L [1]. We also have conducted same experimerts on MCR [18], a
large Linux cluster, for the comparative study of the performance of the proposed BFS algorithm
on a more convertional computing platform.

4.1 Overview of BlueGene/L system

BlueGere/L is a massiely parallel system deweloped by IBM jointly with Lawrence Livermore
National Laboratory [1]. BlueGere/L comprises65,536 compute nodes (CNs) interconnected as a
64 x 32x 32 3D torus. Each CN containstwo 32-bit PowerPC 440 processos, each with dual RBoating-
point units. The pea performance of each CN is 5.6 GFlops/s running at 700 MHz, allowing the
BlueGere/L system to achieve the total peak performance of 360 TFlops/s. BlueGere/L is also
equipped with 512 MB of main memory per CN (and 32 TB of total memory).

Each CN contains six bi-directional torus links directly connected to nearest neighbors in each
of three dimensions. At 1.4 Gbits/s per direction, the BlueGere/L system achieves the bisection
bandwidth of 360 GB/ s per direction. The CNs are also connected by a separate tree network
in which any CN can be a root. The torus network is used mainly for communications in user
applications and supports point-to-point as well as cdlective communications. The tree network is
alsousedfor CNs to communicate with I/ O nodes. It can be also usedfor same cdllectivessuch as



broadcast and reduce.

A CN runson a simple run-time system called compute node kernel (CNK) that has a very small
memory footprint. The main task of the CNK isto load and execue user applications. The CNK
doesnot provide virtual memory and multi-threading support and providesa bxed-size addressspace
for a single userprocess.Many convertional systemcallsincluding I/ O requests are function-shipped
to a separate I/ O node which runs on a convertional Linux operating system.

4.2 Performance Study Results

First, we have measured the scdability of the proposed BFS algorithm in weak scding experiments
on a 32768-node BlueGere/L system and presert the resutsin Figure 4. In a weak scding study,
we increase the global problem size as the number of processes increases. Therefore, the size of
loca problem (i.e., the number of loca vertices) remains constant. The loca problem size usedin
theseexperiments is 100000 verticesand the average degee of the graphs variesfrom 10 to 200.

The scdability of our BFS scheme is clealy demonstrated in Figure 4.a. The largest graph used
in this study has 3.2 billion verticesand 32 billion edges. To the best of our knowledge, thisis the
largest graph ever explored by a distributed graph seach algorithm. Such high scdability of our
scheme can be attributed to the fact that the length of messae bulers usedin our algorithm does
not increase as the size of graphs grows. Figure 4.a also reveds that the communication time is
very small compared to the computation time (in the casewith local problem size of 100000 vertices
and the average degee of 10). This indicatesthat our algorithm is highly memory-intensive as it
involves very little computation. Probling the code has conbrmed that it spends most of its time
in a hashing function that is invoked to processthe received vertices. The communication time for
other graphs with dilerent degeesis alsovery small and is omitted in the bgure for clarity.

It is shown in Figure 4.a that the execuion time curvesincreasein proportion to logP, where
P isthe number of processes, and it is conbrmed by a regressbn analysis. Part of the reasan for
the logarithmic scding factor is that the seach time for a graph is dependert on the length of path
betweenthe saurce and destination vertices,and the path length is bounded by the diameter of the
graph, which is O(logn) for a random graph with n vertices[2]. That is, n increasesproportionally
as P increasesin weak scding study, and therefore the diameter of the graph (and the seach time)
increasesin proportion to logP. The performance of the BFS algorithm improves as the average
degee increases. This is obvious, because as the degee of verticesincreasesthe length of a path
being seached decreases,and hencethe seach time decreaes. Note, however, that for larger average
degee, the execuion time increasesfaster than log(n).

The Figure 4.b shows the total volume of messa@esreceived by our BFS algorithm as a function of
the number of lewvels usedin the seach. Theseresuts are for a small graph with 12 million vertices
and 120 million edges. It can be clealy seenin the bgure that the messae volume increasesquickly
as the path length increasesuntil the path length reachesthe diameter of the graph.

T he scdability of the bi-directional BFS algorithm is compared with that of the uni-directional
BFS for the casewith the average degee of 10 as shown in Figure 4.c. Similar to the uni-directional
seach, the scding factor is logP. As expected, the bi-directional seach outperforms the uni-
directional seach. The seach time of the bi-directional BFS in the worst caseis only 33% of that of
the uni-directional BFS. Thisis mainly becausethe bi-directional seach walks short er distancethan
the uni-directional seach and signibcantly reducesthe volume of overall messa@esto be processed
We have veribed that the total volume of messa@es received by each processo in a bi-directional
seach is orders of magnitude smaller than that in a uni-directional seach.
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Figure 4: Weak scding resuts of the distributed BFS on 32768-node BlueGere/L system. |V| and
k denote the number of verticesassigned to each processo and the average degee, respectively.
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We have conducted strong-scding experiments and presert the resuts in Figure 5. In contrast
to wedak scding, we Px the size of a graph while increasing the number of processes in the strong
scding experimerts. In Figure 5, the speedup curvesgrows in proportion to /P for small P, where
P isthe number of processes. For larger P, the speedup taperso! asthelocal problem sizebecanes
very small and the communication overhead becanesdominant.

To understand the performance characteristics of the distributed BFS algorithm on a more con-
vertional computing platform, we have measured its weak scding performanceon MCR [18], a large
Linux cluster located at Lawrence Livermore National Laboratory. MCR has 1,152 nodes, each with
2.4 GHz Intel Pentium 4 Xem processeos and 4 GB of memory, interconnected with a Quadrics
switch. The resuts are compared with those obtained on BlueGere/L and presernied in Figure 6.
In theseexperiments, 20000 local verticesare assigned to each processo and graphs with average
degeesof 5, 10, and 50 are considered

Figure 6.a plots the relative performance of the proposed BFS algorithm on MCR and Blue-
Gene/L. Here, theratio of the execution time on BlueGere/L to that on MCR is usedas a perfor-
mance metric. Figure 6.a reveds that the BFS algorithm runs faster on MCR than BuleGere/L for
varying average degees, especially for small graphs. For the small graphs, the execuion time of
the distributed BFS algorithm is dominated by its computation time, rather than communication
time. The computation time is in large governed by the computing power of compute nodes, and
therefore running BFS on MCR, which has faster processos and memory subsystems and runs at
higher clock rate, resuts in the faster seach time. The execuion-time ratio curvesin the graph,
however, decreaesas the size of graphsincreases. In fact, both MCR and BlueGere/L show similar
performancefor the graphswith 20 million vertices. Thisisdueto that theincreasedcommunication
overhead on MCR nullibesthe performance gain obtained with its faster computing capability.

Thisismore evident in Figure 6.b, which showsthe communication overhead of the BFS algorithm
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Figure 6: Performance comparison of BFS algorithm on BlueGere/L and MCR. A series of weak
scding experimerts were conducted for the comparisaon with 20000 local verticesper processo.

running on MCR and BlueGere/L, in terms of the ratio of the communication time to the total
execuion time. The communication ratio for BlueGere/L remains almost 3at as the number of
processes increases. This is expected, becausefor BlueGere/L, a 3D torus machine, the aggregate
bandwidth proportionally increasesas the number of processaos usedincreases.On the other hand,
the communication ratio for MCR increasesat a much more rapid rate compared to BlueGere/L as
the sizeof the graphs (and hencethe communication overhead) increases. Figures6.a and 6.b suggest
that MCR will be outperformed by BlueGere/L for very large graphs due to the high communication
overhead. Unfortunately, the limited size of MCR cluster prohibits us from performing such analysis
for larger graphs.

The performance of the 2D and 1D partitioning are compared in Table 1 for dilerent processo
topologies. We have usedtwo graphs, which have 3.2 billion and 0.32 billion edgesrespectively, in
the experimerts. It can be clealy seenin the table that the communication time of 1D partitioning
is much higher than that of 2D partitioning. The average length of messaes received by each
processo per level is measured for the expand and fold operationsin addition to the total execuion
and communication time. The higher communication time of the 1D partitioning is dueto the larger
number of processos involved in cdlective communications. In the worst case, the communication
takes about 40% of the total execuion time. Theseresuts show that 2D partitioning can reduce
communication time.

It isinteresingto notethat in same caseswith lower degee, whererow-wisepartition isused the
1D partitioning outperforms the 2D partitioning with the same problem size, desyite the increased
communication cost. The average length of the fold messgesin a 1D partitioning is comparable
to that of 2D partitioning. On the other hand, much shorter messaes are exchanged during an



V], k) R xC Execuion Time | Comm. Time | Avg. Msg Length/ Level
Expand Fold
128x 256 4.800 0.318 64016.70 65371.19
|V |=100000 || 256x 128 4.843 0.324 65315.12 64124.96
k=10 32768x 1 5.649 2.147 66640.10 9032.11
1x 32768 4.180 2.246 6379.10 66640.50
128x 256 2.283 0.157 95573.54 115960.29
[V |=10000 || 256x128 2.385 0.164 114285.92 98418.21
k=100 32768x 1 3.172 1.391 138265.36 1760.00
1x 32768 2.681 1.363 1361.99 138280.39

Table1: Performanceresutsfor various processo topologieson BuleGere/L. |V | denotesthe number
of verticesper processo and k denotesthe average vertex degee. The larger communication timings
for 1D partitioning is due to more processos involved in the cdlective communications.

expand operation. Not only those expand messaes are transmitted locally, the shorter messaes
resut in reduction in memory accessesand performance improvement. In other words, with the
1D partitioning thereis a trade-d betweenhigher communication cost and lower memory accessig
time. The 2D partitioning should outperform 1D partitioning for the graphs with higher degee, and
this was veribed for a graph with fewer vertices(0.32 billion) but higher degee (100) in the table.

The elect of the average degee of a graph on the performance of the partitioning schemesis
analyzedfurther and shown in Figure 7, which plots the volume of mess@esreceived by a processo
at each level-expansion of a seach asa function of levelin the seach. Graphswith 40 million vertices
with varying average degees, partitioned over 20x20 processo mesh are analyzed in this study.
We have used an unreachable target vertex in the seach to capture the worst-case behavior of the
partitioning schemes. Figure 7.a, where graphs with the average degreesof 10 and 50 are analyzed,
shows that the messa@e volume increasesmore slowly with 1D partitioning than 2D partitioning for
the low-degee graph as the seach progresses.For the high-degee graph, 2D partitioning generates
lessmessaes than 1D partitioning. Further, we can determine the average degee of a Poissm
random graph with which 1D and 2D partitionings exhibit identical performance. That is, assuming
R = C = /P, we can caculate the value of the k by sdving an equation

n, P-1 n n
) e =2 ) (VP
for givenn and P. The left and right hand sidesof the equation represen the messae lengths per
level-expansion for 1D and 2D partitionings, respectively. We have computed the value of such k for
P =400 and n=40000000 and compared the performance of 1D and 2D partitionings with the graph
in Figure 7.b. As expected, both 1D and 2D partitionings show nearly idertica performance.

We demonstrate the electivenessof our union-fold operation for the BlueGere/L in the Figure 8.
We have used the redundancy ratio as performance metric in this experiment. The redundancy
ratio is dened as the ratio of duplicate verticeseliminated by the union-fold operation to the total
number of verticesreceived a processo. Obviously, more redundant verticescan be eliminated by
the union-fold operation for the graph with the higher degee (100). It is shown that the union-fold
operation can save as much as 80% of verticesreceved by each processo. Although the proposed
union operation requires copying of received messaes incurring additional overhead, it reduces
the total number of verticesto be processedby each processo and ultimately improves overal
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performance by reducing memory accessng time of the processo. The redundancy ratio declines
for both graphs, howewer, as the number of processas increases. It has beenshown in Figure 4.b
that the messae length increasesexponertially as seach expands its frontiersuntil the path length
approachesthe diameter of the graph, after which the messae length remains constant. This means
that the total number of vertices(or total messae length) received by each processo should be
almost constant independent of the number of processas in a weak scding run, since the diameter
of the graph increasesvery slowly especially for large graphs. What this impliesis that the number
of duplicate verticesin received messaes should be constant as well. Howewer, in our union-fold
operation each processo receves more messaes as the number of processes increases,because it
passesthe messa@esusing ring communications. This is why the redundancy ratio declinesas more
processes are used

5 Conclusions

We propose a scdable parallel distributed BFS algorithm and have demonstrated its scdability on
BlueGere/L with 32,768 processas in this paper. The proposedalgorithm uses2D edge partitioning.
We have shown that for Poissan random graphs the length of messaesfrom a single processo is
proportional to the number of verticesassignedto the processo. We usethis information to conbne
the length of messae bulers for better scdability. We also have developed two e"ci ent cdlective
communication operations basedon point-to-point communication desgned for BlueGere/L, which
utilizesthe high-bandwidth torus network of the machine. Using this algorithm, we have seached
very large graphs with more than 3 billion verticesand 30 billion edges. To the best of our knowledge,
thisisthelargestgraph seached by a distributed algorithm. Furt hermore, thiswork providesinsight
on how to desgn scdable algorithms for data- and communication-intensive applications for very
large parallel computers like BlueGere/L.

Future work should addressgraphs besides Poiss;m random graphs, e.g., graphs with large clus-
tering coe"ci ent and scde-free graphs, which are graphs with a few verticesof very large degee.
The optimized cdllectivesfor BlueGere/L are currently implemented at application level using MPI
and thus require memory copies betweenbulers in the MPI library and the application. To avoid
the overhead, we needto implement thesecdlectives using BlueGere/L low-level communication
APIs. In addition, using the low-level communication APIs will allow usto deliver messgesvia the
tree network of BlueGere/L and may enhance the performance of the cdlectives.
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